Quantum theory of surface plasmons is very important for studying the interactions between light and different metal nanostructures in nanoplasmonics. Surface plasmon polaritons (SPPs) on semi-infinity plane and nano-particles have been quantized in lots of different works. However, the quantization of SPPs on cylinder nanowire are needed for the future studies of plasmonic waveguides and optical circuits. In this work, following the standard quantization steps, the SPPs on nanowires and their orbital and spin angular momentum are investigated. The results show that the SPPs on nanowire carry both orbital and spin momentum during propagation. Later, the result is applied on the plasmonic nanowire waveguide to show the agreement of the theory. The study is helpful for the quantum information based optical circuit in the future.
Introduction
It is well known that surface plasmons polaritons (SPPs) existing at interfaces between metals and dielectrics are coherent collective oscillation of free electrons (with coupled electromagnetic field) at the surface of metal. The unique properties of plasmons on nanoscale metallic systems have produced a number of dramatic effects and interesting applications, such as a single molecule detection with surface-enhanced Raman scattering 1-2 , biosensing [3] [4] , waveguiding [5] [6] [7] and switching devices below the diffraction limit [8] [9] .
Surface plasmons are quantized electric charge density waves, while usually a lot of the phenomenon can be illustrated with classical Maxwell equations in this boosting area in the past twenty years 10 . In the meantime, quantum theory descriptions were also developed to explain the phenomenon such as non-locality 11 , tunneling [12] [13] , hot electrons [14] [15] [16] and so on 17 . Especially quantization of surface plasmons for common systems like plane metal interface 18 and nanoparticle 19 has been developed to deal with the interactions between the plasmons and the surrounding molecules [20] [21] [22] , which is, in a lot of conditions, beyond the Maxwell's theory. Now quantum plasmonics has been a rapid growing field that involves the study of the quantum properties of SPs and its interaction with mater at the nanoscale 23 .
The quantization process was usually performed by quantizing the electric field or considering the hydrodynamics meantime. Using Hopfield's approach 24 , Elson and Ritchie reported the quantization scheme for SPPs on a metallic surface considering the hydrodynamics 25 . Archambault et al. reported the quantization scheme of surface wave on a plane interface without any specific model of the dielectric constant 26 . Huttner and Barnett introduced a new quantization method by extending Hopfield's approach to polaritons in dispersive and lossy media 27 . In Archambault's works, they redid the quantization of the plasmons on plane interface in modern fashion for explaining the spontaneous and stimulated emission of SPPs 26 . Waks have re-quantized plasmons on nanoparticles under quasi-static approximation for describing the coupling of a dipole and a particle. However, quantization of SPPs on cylindrical nanowires are not introduced a lot, except in Boardman's work the SPPs in different typical coordinates in common way with Bloch hydrodynamical model 28 .
In this paper, a quantization scheme of SPPs on a cylindrical nanowire waveguide is introduced. The canonical quantization method is used, which is to identify the generalized coordinates and conjugate momenta. After getting the expressions in Fock states, the orbital and spin angular momentum are deduced. With the results one will find that the modes on the nanowire waveguide carry both orbital and spin angular momentum. Following that the formula are applied to describe the SPPs on nanowire in the waveguide which shows good agreement. With the properties, SPPs on nanowires can easily carry quantum information and keep the entangle properties of incident light [29] [30] [31] [32] . The results will be very helpful in the quantum information research and lightmatter interactions.
Quantization description of surface waves
Following a standard way in any quantum field textbook, let us consider SPPs propagating on the interface of cylindrical metal nanowire ( , Re 0 ) along z axis with radius R in homogeneous lossless dielectric medium ( 0). The electric and magnetic fields satisfy
The solutions of and in cylindrical coordinates can be deduced in standard steps (supporting information) 33 .
To simplify the process in the following, the electromagnetic scalar and vector where , ∥, , the phase factor is time-dependent amplitude and can be written as . Because each mode in the waveguide can be represent by order m, in the following we use to replace for the modes subscript. Due to the normalization condition • • (4) and the orthogonal of Bessel function, different modes are orthogonal. The amplitudes are complex. Complex conjugate item is added to make the field be real:
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The canonical momentum , satisfies the commutation relation 34 , t , , ,
Now define the cannonical coordinates and momentum as
which makes
Integrating the square of electric and magnetic field over the volume V and using orthogonality relation, the total Hamiltonican is
Take the commutators for the canonical coordinates and canonical momentum (which can be also got from equ. (8)) as , 
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Polarization and Angular momentum
We set ̂ 1, 0, 0 , ̂∅ 0, 1, 0 , ̂ 0, 0, 
And momentum
The zero point term 1/2 is cancelled by the term of and -. With the above results we will discuss the quantized field properties in the nanowire, such as spin and orbital angular momentum (SAM/OAM) and polarization. It has been known that the optical angular momentum is (29) The first term of the right hand is the orbit part and the second is the spin part. The orbital angular momentum density on the surface is
With the creation and annihilation operators, the orbital angular momentum is
where , ≡ , † , and ≡ † .
In the above expressions, one can rewrite the phase factor ∥,
• ∅ cos ∅ ∅
∥,
• ∅ cos ∅ ∅ (35) which shows that the field rotation is very similar to the circularly polarized light. Then if we absorb the phase factor ∅ into the creation and annihilation operator, we can directly write
• ,
where and sign here referring the chirality without further explanation and we will see the physics meaning later. , (m 0, 1, 2, …) compose over-complete bases and so as . The spin angular momentum density is (38) 
The operator defined here satisfies the commutation relation (supporting information), which shows that it is a spin operator:
Calculating , s 1 corresponding to spin-1 (SPPs are the quasi-particles) can be obtained: 
Because both and ' give the same results, so we put a factor 2 in the last step. Use ( , , , ∅, ), we get
From the expression one can clearly see that the spin in one direction (like ∅ direction) is yielded by the other two components ( ) of the field. It also agrees with that there is transverse spin ( ) 35 for surface waves which is represented by the elliptical trace of the field vector at local points. 
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Now the spin operator becomes ∑ , , , 
SPPs on silver nanowires as waveguides
The nanowires performed as plasmonic waveguides are usually in homogeneous medium and excited with light perpendicular to the wire axis. The local symmetry at the terminus of wire is broken when the SPPs are excited, so the phase factor ∅ becomes cos ∅ or sin ∅ . For thin wires, the higher-order modes | | 2 are cut off 33 . And the retardation effects are significant, which will cause the excitation phase difference for | | 0 and | | 1 modes as shown in Figure 2 37 . The three lowest modes are excited simultaneously and propagating in a fixed phase delay. When the wire is excited by a beam of light propagating alongdirection with linear polarization in 45° with wire axis, the polarization can be decomposed into and directions. The component will excite 0 mode and ' 1 mode (sin ∅ ) with /2 phase difference. The component will excite 1 mode (cos ∅ ) with the same phase of 0 mode. So the potential vector can be expressed as (only consider the outside of boundary, the inside is similar). 
The factor ∆ ∅ shows the spiral propagation of the SPPs clearly as reference [ 37 ] (shown as Figure 3) , where the coherent interference of SPP waves of 1 and
1 integrate a circularly-polarization-like wave (cos ∅ sin ∅ ∅ ). The superposition with mode 0 will yield beat effect ( ∆ ), which stretch the circularly-wave into a helical wave as the factor ∆ ∅ shown (Figure 3a) . The helical wave is very similar to the vortex wave with orbital angular momentum 1 (Figure 3a and 3b ). Analogically, the SPP waves on cylindrical nanowires with higher modes 2, 3, … are similar to the vortex wave of 2, 3, …. The spiral is right handed which was mentioned in the polarization part as , . Similarly, the superposition of 0 and 1 modes will cause a 1 helical wave ( Figure 3b ). A special case of the condition is when the incident polarization is along the wire. Then 
which shows only a beat in ∅ /2 side of the wire (Figure 3b ). With the vector potential one can directly achieve the following results in Fock states. 
The term cos ∅ sin ∅ reflects the oblique distribution of the SPPs excited by the circularly polarization light are on the ∅ /4 side, which is also matching the FEM simulation very well (Figure 4 ). For symmetry, the over complete base of m can be used to describe the vector potential. From the expression one can see that the pattern should be the superpostion of the two helical modes 1 and 1. It is also consistant with the fact that the circularly polarized light can be decomposed with two orthorgnal linearly polarized light for the exciting light. 
From the expression one can find out that the orbital angular momentum of SPPs on nanowire is zero under circularly polarized light excitation, which is consistent with the FEM simulations.
Discussion
During the above process, the electromagnetic modes of the plasmonic cylindrical wire are deduced and quantized, which is consistent with the quantized charge density wave on wire with hydrodynamic method 28, 38 due to all of the charge responses in optics are included in permittivity of the material. One can see that the spin of SPPs on the wire contains both transverse component, which agrees with the conclusion of SPPs on plane surface 35, [39] [40] [41] . The longitudinal components may be from the curvature boundary of the wire 42 . The higher modes also carry orbital angular momentum which is very similar with the vortex wave. Along the wire, the orbital angular momentum quantum number can be 0, 1, 2, …. The spin-based effects also have an unprecedented potential to control light and its polarization, thereby promoting the research of optical chirality. The spin angular momentum and the orbital angular momentum will have coupling 35 and cause some other effects on the nanowire waveguide. In the experiment, the wires are sure with limited length. If the wire is not very long, the SPPs will be reflected by the other end and form standing wave, which is like a Fabry-Pérot cavity 6 . When it interacts with other systems like atoms or quantum dots, some hyperfine phenomenon may be expected [43] [44] .
Conclusion
In this work, following the standard steps, the electromagnetic modes on plasmonic cylinder waveguide are quantized. The orbital and spin angular momentum is studied and it can be seen that similar to the vortex waves, the plasmon modes on cylinder nanowires carry both orbital angular momentum and spin angular momentum. The analysis on thin nanowire shows well agreement with the FEM simulations. The results may be helpful for the future quantum information applications.
